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REMARKS ON COUNTABLE TIGHTNESS
MARION SCHEEPERS
Abstract. Countable tightness may be destroyed by countably closed forcing.
We characterize the indestructibility of countable tightness under countably
closed forcing by combinatorial statements similar to the ones Tall used to
characterize indestructibility of the Lindelo¨f property under countably closed
forcing. We consider the behavior of countable tightness in generic extensions
obtained by adding Cohen reals. We show that certain classes of well-studied
topological spaces are indestructibly countably tight. Stronger versions of
countable tightness, including selective versions of separability, are further
explored.
Let (X, τ) be a topological space and let x be an element of X . We say that X
is countably tight at x if there is for each set A ⊆ X with x ∈ A, a countable set
B ⊆ A such that x ∈ B. If the space is countably tight at each of its elements,
we say that the space has countable tightness or, equivalently, that the space is
countably tight.
It is known that in generic extensions by countably closed posets a ground model
space that is countably tight may fail, in the generic extension, to still be a count-
ably tight space. In [10] Dow gives an ingenious proof, using reflection arguments,
that in the generic extension by an iteration of first the Cohen poset for adding
uncountably many Cohen reals, then any countably closed poset, countably tight
topological spaces from the ground model remain countably tight. A similar phe-
nomenon regarding the preservation of the Lindelo¨f property has been shown by
Dow in [9]. In [25] we gave an explanation for this phenomenon for Lindelo¨f spaces.
In Section 1 we show that for reasons very analogous to the Lindelo¨f case, this
preservation happens for countable tightness.
In Section 2 we more closely investigate the effect of Cohen forcing on countable
tightness and establish a connection with countable strong fan tightness. In the
subsequent four sections we investigate indestructibility of countable tightness in
several classes of topological spaces of countable tightness.
1. Indestructibility of countable tightness by countably closed
forcing
By analogy with the Lindelo¨f case in [28], we say that a topological space is
indestructibly countably tight if the space is countably tight, and in any generic
extension by countably closed forcing the space is still countably tight. For conve-
nience define, for x ∈ X not an isolated point of X , Ωx = {A ⊆ X : x ∈ A \ A}.
Thus, X is countably tight at x if each element of Ωx has a countable subset which
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is in Ωx. From now on, assume that x is an element of X , and that X is count-
ably tight at x. Following [28] for the corresponding notion for Lindelo¨f spaces, we
define:
Definition 1. A set T = {yf : f ∈ ∪α<ω1
αω} ⊆ X is an x-tightness tree if for
each α < ω1 and for each f ∈ αω we have {yf∪{(α,n)} : n < ω} ∈ Ωx.
We also introduce the following infinite two-person game of length α, denoted
Gα1 (Ωx,Ωx): In inning β < α player ONE first selects an Oβ ∈ Ωx, and TWO
responds with an xβ ∈ Oβ . A play O0, x0, O1, x1, · · · , Oβ , xβ , · · · β < α is won
by Player TWO if {xβ : β < α} ∈ Ωx; else, ONE wins. In [21] this game was
examined for the case when α = ω, and in [22] it was investigated for additional
countable lengths.
Theorem 1. For a topological space X which is countably tight at the element
x ∈ X, the following are equivalent:
(1) X is indestructibly countably tight at x.
(2) The countable tightness of X at x is preserved upon forcing with Fn(ω1, ω, ω1),
the poset for adding a Cohen subset of ω1 with countable conditions.
(3) For each x-tightness tree {yf : f ∈ ∪α<ω1
αω} the set {g ∈ ∪α<ω1
αω :
{yg⌈γ : γ < dom(g)} ∈ Ωx} is dense in Fn(ω1, ω, ω1).
(4) For each x-tightness tree {yf : f ∈ ∪α<ω1
αω} and for each g ∈ ∪α<ω1
αω
there is an f ∈ ω1ω such that f⌈dom(g)= g and {yf⌈α : α < ω1} ∈ Ωx.
(5) For each x-tightness tree {yf : f ∈ ∪α<ω1
αω} there is an f ∈ ∪α<ω1
αω
such that {yf⌈α : α < dom(f)} ∈ Ωx.
(6) ONE does not have a winning strategy in the game Gω11 (Ωx,Ωx).
Proof. That (2)⇒ (1): We follow the argument in [27], adapted to the current
context. Thus, let (P, <) be a countably closed partially ordered set, and assume
that 1P ‖− “Xˇ is not countably tight at xˇ.” Fix a P-name A˙ and a p ∈ P such that
p ‖− “A˙ ∈ Ωx but for each countable C ⊆ A˙, C 6∈ Ωx.” Put p∅ = p and let η∅ be
the empty sequence of length 0. Define F∅ = {y ∈ X : (∃q ≤ p∅)(q ‖− “yˇ ∈ A˙”)}.
Claim 1: F∅ ∈ Ωx:
Suppose that on the contrary x is not in the closure of F∅. Choose a neighborhood
U of x with U ∩F∅ = ∅. As p ‖− “A˙ ∈ Ωxˇ” we find that p ‖− “Uˇ ∩ A˙ 6= ∅”. Choose
a q ≤ p and a y ∈ X auch that q ‖− “yˇ ∈ Uˇ ∩ A˙”. Then y is in F∅, and as y is in
U we find the contradiction that U ∩ F∅ 6= ∅. This completes the proof of Claim 1.
As X is countably tight, choose a countable C∅ ⊆ F∅ with x ∈ C∅. Enumerate C∅
bijectively as (yn : n < ω). For each n choose p(n) < p∅ such that p(n) ‖− “yˇn ∈ A˙”.
This specifies pη and yη for η ∈ 1ω. Now let 0 < α < ω1 be given, and assume
that for each β < α and σ ∈ βω we have selected pσ ∈ P and yσ ∈ X such that for
allγ < β we have {yσ⌈γ⌢{(γ,n)} : n < ω} ∈ Ωx and pσ ‖− “yσ ∈ A˙”.
Now we distinguish two cases: α is a limit ordinal, or α is a successor ordinal.
Case 1: α is a limit ordinal. Then for each σ ∈ αω choose a pσ ∈ P such that for
each β < α we have pσ < pσ⌈β . This is possible since P is countably closed.
Case 2: α is a successor ordinal. Say α = β + 1. For each σ ∈ βω define
Fσ = {y ∈ X : (∃q ≤ pσ)(q ‖− “yˇ ∈ A˙”)}.
Claim 2: Fσ ∈ Ωx:
The proof of Claim 2 proceeds like the proof of Claim 1.
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As X is countably tight, choose a countable Cσ ⊆ Fσ with x ∈ Cσ. Enumerate
Cσ bijectively as (yσ∪{(β,n)} : n < ω) and for each n choose pσ∪{(β,n)} < pσ such
that pσ∪{(β,n)} ‖− “yˇσ∪{(β,n)} ∈ A˙”.
This defines pτ for each τ in
αω, and when α is a successor ordinal this also
defines each yτ .
We now show that in the generic extension by Fn(ω1, ω, ω1) X fails to have
countable tightness. For let g ∈ ω1ω be Fn(ω1, ω, ω1)-generic, and put
B = {yg⌈α : α < ω1}.
Claim 3: B ∈ Ωx.
For consider any open neighborhood U of x. Then DU = {η ∈ ∪α<ω1
αω : yη ∈
U} is a dense subset of Fn(ω1, ω, ω1). For let any p ∈ Fn(ω1, ω, ω1) be given. We
may assume that dom(p) = α < ω1. Since {yp⌢{(α,n)} : n < ω} is a member of Ωx,
we have U ∩ {yp⌢{(α,n)} : n < ω} 6= ∅. Choose n < ω with yp⌢{(α,n)} ∈ U . Then
q = p ⌢ {(α, n)} ∈ DU and q < p. Since the generic filter producing g meets this
dense set we find that U ∩B 6= ∅. It follows that B is a member of Ωx.
Claim 4: No countable subset of B is in Ωx.
For fix a β < ω1 and consider Bβ = {yg⌈γ : γ < β}. If it were the case that Bβ
is an element of Ωx, then we would have pβ ‖− “Bˇβ ⊆ A˙” and pβ ‖− “Bˇβ ∈ Ωx”.
This contradicts the selection of the P-name A˙.
That (1)⇒ (3): Assume that (3) fails. Fix an x-tightness tree {yf : f ∈ ∪α<ω1
αω}
that witnesses this failure. Since the set D := {g ∈ ∪α<ω1
αω : {yg⌈γ : γ <
dom(g)} ∈ Ωx} is not dense in Fn(ω1, ω, ω1), fix a p ∈ Fn(ω1, ω, ω1) for which there
is no g ∈ D with g < p. We may assume that dom(p) = α < ω1. Then for each
g ∈ ∪α<ω1
αω with g < p we have {yg⌈γ : γ < dom(g)} is not in Ωx. But then
for each generic filter G of Fn(ω1, ω, ω1) which contains p, if h is the corresponding
generic element, then B = {yh⌈α : α < ω1} is a member of Ωx, but no countable
subset of it is in Ωx. But then P = {g ∈ Fn(ω1, ω, ω1) : g < p} with the inherited
order of Fn(ω1, ω, ω1) is a countably closed partially ordered set forcing that X is
not countably tight.
That (3)⇒ (4) and (4)⇒ (5): These implications follow directly.
That (5)⇒ (6): A strategy F of ONE together with the fact that X is a space of
countable tightness provides an x-tightness tree as follows:
F calls on ONE to play members of Ωx. As X is of countable tightness, we may
assume that ONE’s moves are countable elements of Ωx. Thus, enumerate F (∅)
bijectively as {y{(0,n)} : n < ω}. For α < ω1 assume that we have already defined
for each β < α and each g ∈ βω a yg ∈ X such that {yg⌈γ∪{(γ,n)} : n < ω} =
F (yg⌈0 , · · · , yg⌈γ ) ∈ Ωx, (γ < β).
Case 1: α = β + 1, a successor ordinal.
Then we define {yg∪{(β,n)} : n < ω} = F (yg⌈0 , · · · , yg⌈γ , · · · , yg)
Case 2: α is a limit ordinal.
In this case we choose yg ∈ F (g⌈γ : γ < α) arbitrarily.
But then the set {yg : g ∈ ∪α<ω1
αω} is an x-tightness tree. Applying (5) we
fix an f ∈ ∪α<ω1
αω such that {yf⌈β : β < dom(f)} ∈ Ωx. But then f codes a play
of the game against F in which TWO won. This shows that F is not a winning
strategy for ONE in Gω11 (Ωx,Ωx).
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That (6)⇒ (1):
Let (P, <) be a countably closed partially ordered set and let X be a topological
space that is countably tight at x ∈ X .
Let A˙ be a P name such that 1P ‖− “xˇ ∈ A˙”. Choose an arbitrary member p of
P. We now use ideas as in the proof of (2)⇒ (1) to define a strategy F of ONE in
the game Gω11 (Ωx,Ωx).
To begin, define H∅ = {y ∈ X : (∃q ≤ p)(q ‖− “yˇ ∈ A˙”)}. As in Claim 1 above,
H∅ ∈ Ωx. Since X has countable tightness at x, choose F (∅) = C∅ ⊆ H∅ countable
with x ∈ C∅. Enumerate C∅ as (y(n) : n < ω). For each n choose p(n) < p such
that p(n) ‖− “y(n) ∈ A˙”. Now H∅, F (∅), p(n), n < ω and y(n) n < ω are specified.
To describe the rest of the recursive construction of ONE’s strategy F , suppose
that 0 < α < ω1 is given, and that for each γ < α, and each σ ∈ γω we already
have specified:
the set Hσ, a countable subset Cσ of Hσ, element pσ of P, and if γ is a successor
ordinal, yσ ∈ X such that
(1) Hσ = {y ∈ X : (∃q ≤ pσ)(q ‖− “yˇ ∈ A˙”)} is in Ωx;
(2) F (yν : ν ⊂ σ and dom(ν) a successor ordinal) = Cσ ⊆ Hσ is a countable
set which is a member of Ωx;
(3) If ξ = dom(σ) < α then Cσ = {yσ∪{(ξ,n)} : n < ω}.
(4) pσ < pν for each ν ∈ ξω with ν ⊂ σ;
(5) If dom(σ) is a successor ordinal, then pσ ‖− “yσ ∈ A˙”;
We must now specify these parameters for τ ∈ αω.
Case 1: α = β + 1, a successor ordinal. Consider any σ ∈ βω. Since pσ is already
defined, we have Hσ = {y ∈ X : (∃q ≤ pσ)(q ‖− “yˇ ∈ A˙”)} where as in Claim 1
above, Hσ is an element of Ωx. By the countable tightness of X at x the countable
set Cσ ⊆ Hσ is selected such that Cσ is an element of Ωx, and we define
F (yν : ν ⊂ σ and dom(ν) a successor ordinal) = Cσ.
By enumerating Cσ as {yσ∪{(β,n)} : n < ω} we specify yτ for each τ in
αω which
extends σ. Then for each of these yτ we choose a pτ < pσ such that pτ ‖− “yˇτ ∈ A˙.”
Case 2: α is a limit ordinal. For σ ∈ αω choose, by the countable closedness of P,
a pσ ∈ P such that for each initial segment ν of σ we have pσ < pν and then define
Hσ = {y ∈ X : (∃q ≤ pσ)(q ‖− “yˇ ∈ A˙”)}.
As before Hσ is a member of Ωx, and the recursive construction can continue.
Since the defined F is a strategy for ONE in the game Gω11 (Ωx,Ωx), our hypoth-
esis implies that F is not a winning strategy for ONE. Thus, choose an F -play lost
by ONE. This play is of the following form: For an f ∈ ω1ω we have the sequence
((F (yf⌈β : β < α a successor ordinal), yf⌈α) : α < ω1 a successor ordinal)
for which the set {yf⌈α : α < ω1 a successor ordinal} of player TWO’s moves in the
play is a member of Ωx. Using the countable tightness of X at x again, we find
that there is a countable ordinal β < ω1 for which the set
D = {yf⌈α : α < β a successor ordinal}
is in Ωx. But then we have pf⌈β ‖− “Dˇ ⊆ A˙ is a countable element of Ωxˇ.”
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Thus, we find that for each p in P there is a q < p which forces that x is in the
closure of some countable subset of A˙. It follows that
1P ‖− “Xˇ has countable tightness at xˇ.” 
The referee of an earlier version of this paper suggested that there ought to
be a common generalization of the above characterization of indestructible count-
able tightness, and the analogous characterization of Tall’s notion of indestructibly
Lindelo¨f. The following remarks are a small step in this direction.
Fix two sets R and S. Consider the formula Φ(S, T ) which is of the form (∀x ∈
S)(∃y ∈ T )Ψ(x, y). Define, from R and S, the family AS,R = {T ⊆ R : Φ(S, T )}.
Assume that AS,R has the properties that
I If T ∈ AS,R and T ⊆ U ⊆ R, then U ∈ AS,R, and
II for each element T of AS,R there is a countable subset C ⊆ T with C ∈
AS,R.
A function F : <ω1ω −→ R with the property that for each α < ω1 and for each
f in αω
{F (f ⌢ (α, n)) : n < ω} ∈ AS,R
is said to be an AS,R-tree.
Following the ideas in the proof of Theorem 1, one obtains the following theorem:
Theorem 2. Assume that Ψ(x, y) is either of x ∈ y, or y ∈ x. Let R and S be
sets. The following statements are equivalent:
(1) For each countably closed partially ordered set P,
1P ‖− “Each element of A˙Sˇ,Rˇ has a countable subset that is a member of A˙Sˇ,Rˇ”
(2) Fn(ω1, ω, ω1) ‖− “Each element of A˙Sˇ,Rˇ has a countable subset that is a
member of A˙Sˇ,Rˇ”
(3) For each AS,R-tree F the set {g ∈ <ω1ω : {F (g⌈γ) : γ < dom(g)} ∈ AS,R}
is dense in Fn(ω1, ω, ω1).
(4) For each AS,R-tree F and for each g ∈ <ω1ω there is an f in ω1ω such that
g ⊂ f , and {F (f⌈γ) : γ < ω1} is a member of AS,R.
(5) For each AS,R-tree F there is an f in
<ω1ω such that {F (f⌈γ) : γ <
dom(f)} is a member of AS,R.
(6) ONE has no winning strategy in the game Gω11 (AS,R,AS,R).
If Ψ(x, y) is x ∈ y we get the indestructibly Lindelo¨f notion by taking R to be
the underlying space and S to be the topology of the space; if it is y ∈ x, we
get the indestructibly countably tight at the point p notion by taking R to be a
neighborhood base of the specific point p, and S to be the underlying set of the
space. It would be interesting to know for which formulae Ψ(x, y) besides these
two atomic formulae of the language of set theory one can prove the equivalences
of Theorem 2.
Not all is lost when countable tightness is destroyed by a countably closed partial
order: A topological space (X, τ) is said to have countable extent if each closed,
discrete subspace ofX is countable. The Lindelo¨f property implies countable extent.
Tall ([28], Lemma 8), and independently Dow [9], proved:
Lemma 3 (Dow, Tall). If a Lindelo¨f space has countable tightness, then in generic
extensions by countably closed partially ordered sets the space has countable extent.
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2. Countable strong fan tightness and Cohen reals
Recall that for families A and B of sets the symbol S1(A,B) denotes the state-
ment that there is for each sequence (On : n ∈ N) of elements of A a corresponding
sequence (xn : n ∈ N) such that for each n we have xn ∈ On, and {xn : n ∈ N} ∈ B.
In [20] Sakai defined the notion of countable strong fan tightness at x, which in
our notation is S1(Ωx,Ωx). It is clear that if for some countable ordinal α ONE has
no winning strategy in the game Gα1 (Ωx,Ωx), then the space has countable strong
fan tightness at x. It is not in general true that if a space has countable strong fan
tightness at a point x, then ONE has no winning strategy in the game Gω1 (Ωx,Ωx)
- see pp. 250 - 251 of [21] for an ad hoc example. In Theorem 11 below we give
another example under the Continuum Hypothesis, CH.
Theorem 1 implies that spaces where ONE does not have a winning strategy in
the game Gω1 (Ωx,Ωx) are indestructibly countably tight at x. We now show, by
rewriting the proof of (1) ⇒ (2) of Theorem 13B of [21] into the forcing context,
that in the generic extension by uncountably many Cohen reals a ground model
space that is countably tight at a point x is converted to a space in which ONE
has no winning strategy in the game Gω1 (Ωx,Ωx). For uncountable cardinals κ let
C(κ) denote the poset for adding κ Cohen reals. We use the following lemma of
Dow [10], Lemma 5.2:
Lemma 4 (Dow). Let κ be an infinite cardinal and let X be a topological space
which is countably tight at x ∈ X. Then
1C(κ) ‖− “Xˇ is countably tight at xˇ.”
Theorem 5. Let κ be an uncountable cardinal. If (X, τ) is a topological space of
countable tightness at x, then
1C(κ) ‖− “ONE has no winning strategy in the game G
ω
1 (Ωx,Ωx)”.
Proof. Let σ˙ be a C(κ) name such that
1C(κ) ‖− “σ˙ is a strategy of ONE in G
ω
1 (Ωx,Ωx).”
By Lemma 4 1C(κ) ‖− “Xˇ is countably tight at xˇ.” Therefore we have
1C(κ) ‖− “σ˙(∅) has a countable subset which is a member of Ωxˇ.”
Choose a C(κ) name O˙∅ such that
1C(κ) ‖− “O˙∅ ⊆ σ˙(∅) is a countable subset with xˇ in its closure.”
Thus choose C(κ) names y˙n, n < ω such that 1C(κ) ‖− “C˙∅ = {y˙n : n < ω}.” Then
we have 1C(κ) ‖− “(∀n)(σ˙(y˙n) has a countable subset which is in Ωxˇ).” For each n
we choose C(κ) names C˙n and y˙n,k, k < ω such that
1C(κ) ‖− “C˙n ⊆ σ˙(y˙n) is a countable subset with xˇ in its closure”
and 1C(κ) ‖− “C˙n = {y˙n,k : k < ω}” and so on. In this way we find for each finite
sequence n1, · · · , nk of elements of ω C(κ) names C˙n1,··· ,nk and y˙n1,··· ,nk such that
1C(κ) ‖− “{y˙n1,··· ,nk,m : m < ω} = C˙n1,··· ,nk”
and
1C(κ) ‖− “C˙n1,··· ,nk ⊆ σ˙(y˙n1 , · · · , y˙n1,··· ,nk)”
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and
1C(κ) ‖− “C˙n1,··· ,nk is a countable set in Ωxˇ”
Since C(κ) has the countable chain condition and each of the names y˙τ and C˙τ
is a name for a single element of X or a countable set of elements of X , there is
an α < κ such that each of these is a C(α) name. Thus, factoring the forcing
as C(α) ∗ C([α, κ)) we may assume that all the named objects are in the ground
model. Then, in the generic extension by C([α, κ)) over this ground model there
is a function f ∈ ωω such that f is not in any first category set definable from
parameters in the ground model.
Now for each neighborhood V of x in the ground model define, in the ground
model FV = {f ∈ ωω : (∀k)(yf⌈k 6∈ V )} is first category and is definable from
parameters in the ground model only. Thus, in the generic extension by C([α, κ))⋃
{FV : V a neighborhood of x} 6= ωω. Choose in this generic extension an f with
f ∈ ωω \
⋃
{FV : V a ground model neighborhood of x}
Then in the generic extension the σ-play during which TWO selected the sets yf⌈n ,
0 < n < ω is won by TWO. This completes the proof that in the generic extension
ONE has no winning strategy in the game Gω1 (Ωx,Ωx) on X . 
The reader familiar with the argument in [25] that adding uncountably many
Cohen reals over a ground model converts all ground model Lindelo¨f spaces to
Rothberger spaces would notice that essentially the same argument is used in the
proof of Theorem 5. Indeed, both results are a special case of the more general
fact that for families A of sets having the property that each element of A has
a countable subset that still is a member of A, and for which this property is
preserved by addition of Cohen reals, the property is converted to ONE not having
a winning strategy in the game Gω1 (A,A) in the generic extension by uncountably
many Cohen reals.
The property that ONE has no winning strategy in the game Gω1 (Ωx,Ωx) is
preserved by countably closed forcing:
Theorem 6. If (X, τ) is a topological space for which ONE has no winning strategy
in the game Gω1 (Ωx,Ωx), then for any countably closed partially ordered set P,
1P ‖− “ONE has no winning strategy in the game G
ω
1 (Ωx,Ωx)”.
Proof. Let (X, τ) be a topological space for which ONE has no winning strategy
in the game Gω1 (Ωx,Ωx). Let (P, <) be a countably closed partially ordered set. Let
σ˙ be a P-name for a strategy of ONE in the game Gω1 (Ωx,Ωx), played in the generic
extension, but on the ground model space X . Thus,
1P ‖− “σ˙ is a strategy of ONE in G
ω
1 (Ωxˇ,Ωxˇ) played on Xˇ”
We must show 1P ‖− “σ˙ is not a winning strategy for ONE.” Thus, let p ∈ P be
given. We will find a q < p such that q forces that σ˙ is not a winning strategy for
ONE.
By Theorem 1 we have 1P ‖− “Xˇ is countably tight.” Thus, we may assume that
1P ‖− “ for each finite sequence (xˇ1, · · · , xˇn) from Xˇ, σ˙(xˇ1, · · · , xˇn) is countable”
Define F (∅) = {y ∈ X : (∃q ≤ p)(q ‖− “yˇ ∈ σ˙(∅)”)}. As in Claim 1 of Theorem 1
we have in the ground model that F (∅) is an element of Ωx, and we may assume
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that F (∅) is countable. Enumerate F (∅) as (yn : n < ω) and choose for each n a
qn < p such that qn ‖− “yˇn ∈ σ˙(∅)”.
Then, for each n1, define F (yn1) = {y ∈ X : (∃q ≤ qn1)(q ‖− “yˇ ∈ σ˙(yˇn1)”)}.
As before the ground model set F (yn1) is an element of Ωx and may be assumed
countable, and thus may be enumerated as (yn1,n : n < ω). Choose for each n a
qn1,n < qn1 such that qn1,n ‖− “yˇn1,n ∈ σ˙(yˇn1)”.
Next, for each (n1, n2) define
F (yn1 , yn1,n2) = {y ∈ X : (∃q ≤ qn1,n2)(q ‖− “yˇ ∈ σ˙(yˇn1 , yˇn1,n2)”)}.
Then the ground model set F (yn1 , yn1,n2) is an element of Ωx which may be assumed
countable. Enumerate F (yn1 , yn1,n2) as as (yn1,n2,n : n < ω). Choose for each n a
qn1,n2,n < qn1,n2 such that qn1,n2,n ‖− “yˇn1,n2,n ∈ σ˙(yˇn1 yˇn1,n2)”, and so on.
In this way we define a strategy F for ONE in the ground model. But in the
ground model ONE has no winning strategy in Gω1 (Ωx,Ωx). Thus, fix and F -play
lost by ONE. This specifies an f ∈ ωω such that for each n we have yf⌈n+1 ∈
F (yf(0), · · · , yf⌈n), and {yf⌈n : n < ω} ∈ Ωx. But since P is countably closed,
choose a q ∈ P such that for each n we have q < qf⌈n , n < ω. Then we have q < p
and q forces “(σ˙(∅), yˇf(0), σ˙(yˇf(0)), yˇf(0),f(1), · · · , σ˙(yˇf(0), · · · , yˇf⌈n), yˇf⌈n+1 , · · · ) is a
σ˙-play lost by ONE.” In particular,
q ‖− “σ˙ is not a winning strategy for ONE in Gω1 (Ωxˇ,Ωxˇ).”
This completes the proof. 
As a result we obtain the following strengthening of [10] Lemma 5.6:
Corollary 7. Let (X, τ) be a space which is countably tight at x ∈ X. Let κ be an
uncountable cardinal and let P˙ be a C(κ) name for a countably closed poset. Then
1
C(κ)∗P˙ ‖− “Xˇ has countable strong fan tightness at xˇ”.
3. Tightness and hereditarily separable spaces
The following Lemma is well-known:
Lemma 8. If X is a hereditarily separable space, then X has countable tightness
at each of its elements.
W.A.R. Weiss in a personal communication pointed out that with a little more
work one can prove that a hereditarily separable space is indestructibly countably
tight. I thank Dr. Weiss for the permission to include his argument here.
Theorem 9 (W.A.R. Weiss). If (X, τ) is a hereditarily separable space, then TWO
has a winning strategy in the game Gω11 (Ωx,Ωx) for each x ∈ X.
Proof: TWO’s strategy is to choose, in inning α < ω1, an element xα from the
set Oα ∈ Ωx chosen by ONE in such a way that xα is not in the closure of the set
{xβ : β < α}. To see that this is a winning strategy, note that a hereditarily dense
space cannot contain a bijectively enumerated sequence (yγ : γ < ω1) such that
for each β we have yβ 6∈ {yα : α < β}, since the set {yβ : β < ω1} has a countable
dense subset. Thus, in some inning α < ω1 TWO is unable to choose an xα of the
specified kind. This happens because the set of points already selected by TWO is
dense in ONE’s set Oα, and thus is already an element of Ωx. 
We will show in Example 7 (in the last section of the paper) that there are
hereditarily separable spaces where there is no countable ordinal α such that TWO
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has a winning strategy in the game Gα1 (Ωx,Ωx) at an element x. In certain special
classes of hereditarily separable spaces one can show that there is a countable
ordinal α such that TWO has a winning strategy in Gα1 (Ωx,Ωx) at some x. We
explore this for HFD spaces, and for hereditarily separable compact spaces.
[15] contains a nice survey of HFD spaces. Note that HFD spaces are subspaces
of λ2 for appropriate uncountable cardinals λ. As noted in 2.7 of [15], all HFD’s are
hereditarily separable. Thus, by Theorem 9, each HFD is indestructibly countably
tight. In the case of HFD’s more information can be derived regarding existence of
winning strategies of ONE and TWO.
In [7] Berner and Juhasz introduce a game denoted GNDω (X), which is played
as follows on the topological space X : Players ONE and TWO play an inning per
finite ordinal. In inning n < ω ONE selects a nonempty open subset On of X , and
TWO responds with a tn ∈ On. A play
O0, t0, · · · , On, tn, · · ·
is won by player ONE if the set {tn : n < ω} is not discrete in X . Else, TWO wins.
Let ND denote the set {A ⊆ X : A not discrete}, and let D denote the set of all
dense subsets of X . Using the techniques in Lemma 2 and Theorems 7 and 8 of
[23] one can show the following:
• ONE has a winning strategy in GNDω (X) if, and only if, TWO has a winning
strategy in Gω1 (D,ND).
• TWO has a winning strategy in GNDω (X) if, and only if, ONE has a winning
strategy in Gω1 (D,ND).
Lemma 10. Let X be a T1-space with no isolated points and assume that ONE
has a winning strategy in the game Gω1 (D,ND). Then for each x ∈ X ONE has a
winning strategy in the game Gω1 (Ωx,Ωx).
Proof. Let σ be ONE’s winning strategy in Gω1 (D,ND). Fix an x ∈ X . Note
that we may assume that σ(∅) has x as an element. Define a strategy σx for ONE
as follows:
σx(∅) = σ(x) \ {x}, a dense subset of X since X has no isolated points. With
(t1, · · · , tn) a finite sequence of points fromX , define σx(t1, · · · , tn) = σ(x, t1, · · · , tn−1)\
{x} whenever the latter is defined, and else define this to be X \ {x}.
We claim that σx is a winning strategy for ONE in G
ω
1 (Ωx,Ωx). For consider
any σx-play
O0, t0, · · · , On, tn, · · ·
Then
σ(∅), x, σ(x), t0, · · · , σ(x, t0, · · · , tn−1), tn, · · ·
is a σ-play of Gω1 (D,ND), and thus the set {tn : n < ω} ∪ {x} is discrete. Since
x 6∈ S = {tn : n < ω}, it follows that S is not a member of Ωx, and so ONE won
the play. 
Thus we have
Theorem 11 (CH). There is a T3 space X which has countable strong fan tightness
and yet ONE has a winning strategy in the game Gω1 (Ωx,Ωx) at each x ∈ X.
Proof. In Theorem 3.1 of [7] Berner and Juhasz construct, using CH, an
HFD J ⊆ ω12 with no isolated points such that ONE has a winning strategy
in Gω1 (D,ND). The following Theorem 13 implies that each HFD has countable
strong fan tightness. Apply this information and Lemma 10 to the HFD J. 
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At first glance Theorem 11 might suggest that there is an HFD with destructible
countable tightness. We now modify Theorem 2.7 of [7] to show that this is in fact
not the case. For the convenience of the reader we recall:
If X ⊆ λ2 is an HFD define for S a countably infinite subset of X the set DS to
be the set of all countable A ⊆ λ such that for all σ ∈ Fin(A, 2), if [σ]∩S is infinite
then for each τ ∈ Fin(λ \ A, 2) the set [σ] ∩ [τ ] ∩ S is nonempty. It is known (see
[15], 2.12) that:
Lemma 12. For each countably infinite subset S of an HFD X ⊂ λ2 the set
DS ⊆ [λ]ℵ0 is closed and unbounded.
Theorem 13. If X ⊂ λ2 is an HFD then for each x ∈ X TWO has a winning
strategy in Gω
2
1 (Ωx,Ωx).
Proof. Fix an x ∈ X . We may assume that x is not an isolated point of X .
Choose B1 ⊂ λ countably infinite with ω ⊆ B1 and {σ ∈ Fin(B1, 2) : x ∈ [σ]}
infinite. Let (σ1n : 0 < n < ω) enumerate {σ ∈ Fin(B1, 2) : x ∈ [σ]} in such a way
that each element is listed infinitely many times.
We now describe a strategy Φ for player TWO: During the first ω innings, when
ONE plays in inning i a set Oi ∈ Ωx, TWO plays
Φ(O1, · · · , Oi) ∈ [σ
1
i ] ∩Oi \ {Φ(O1, · · · , Oj) : j < i}.
Put A1 = {Φ(O1, · · · , Ok) : 0 < k < ω}. Then A1 is an infinite subset of X . If
A1 ∈ Ωx, then TWO plays the remaining innings arbitrarily, obeying the rules of
the game. Thus, assume that A1 6∈ Ωx. Towards defining Φ for the next ω innings of
the game, choose C1 ∈ DA1 with B1 a proper subset of C1 and let (σ
2
n : 0 < n < ω)
enumerate {σ ∈ Fin(C1, 2) : x ∈ [σ]} such that each element is listed infinitely
often. Now when ONE plays Oω+i, i < ω TWO plays
Φ(Oν : ν ≤ ω + i) ∈ [σ
2
i ] ∩Oω+i \ {Φ(Oγ : γ < j) : j ≤ ω + i}
which is possible as A1 6∈ Ωx and x is not an isolated point of X .
Put A2 = A1 ∪ {Φ(Oγ : γ < j) : j < ω · 2}. If A2 is a member of Ωx, then TWO
plays arbitrary points during the rest of the game, following the rules of the game.
Thus, assume that A2 is not a member of Ωx. Choose C2 ∈ DA1 ∩DA2 with C1 a
proper subset of C2 and let (σ
3
n : 0 < n < ω) enumerate {σ ∈ Fin(C2, 2) : x ∈ [σ]}
such that each element is listed infinitely often. Now when ONE plays Oω·2+i, i < ω
TWO plays
Φ(Oν : ν ≤ ω · 2 + i) ∈ [σ
2
i ] ∩Oω+i \ {Φ(Oγ : γ < j) : j ≤ ω · 2 + i}
which is possible as A2 6∈ Ωx and x is not an isolated point.
Then put A3 = A2∪{Φ(Oν : ν ≤ ω ·2+i) : i < ω}. Choose C3 ∈ DA1∩DA2∩DA3
with C2 a proper subset of C3, and so on. TWO continues playing like this until
an n is reached at which An ∈ Ωx, and then plays arbitrary points permitted by
the rules of the game.
Suppose that for each n we have An 6∈ Ωx. Consider A =
⋃
0<k<ω Ak. The set
A came about through TWO using the strategy Φ above over ω2 innings.
Claim: x ∈ A.
To see that Ameets each neighborhood of x, let a σ ∈ Fin(λ, 2) be given with x ∈ [σ].
Also, put C = ∪{Cn : 0 < n < ω}. Since each DAj is closed and unbounded, C is
an infinite member of ∩0<n<ωDAn . Since the containments Cn ⊂ Cn+1 are proper
and since dom(σ) is finite, choose the least k < ω with dom(σ)∩Ck = dom(σ)∩C.
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Put ν = σ⌈Ck . Now for each m ≥ k, ν was listed infinitely often among {σ ∈
Fin(Cm, 2) : x ∈ [σ]}, implying that [ν]∩Am is infinite and in particular nonempty.
This implies that [σ] ∩ A 6= ∅. It follows that Φ is a winning strategy for TWO. 
Corollary 14. Each HFD is indestructibly countably tight.
Proof. Apply Theorems 1 and 13. 
In section 3 [22] we defined for separable metric spaces X the ordinal function
tpsf (X) as
tpsf (X) = min{α : TWO has a winning strategy in G
α
1 (Ω0,Ω0) on Cp(X).}
In the interest of greater generality and at the risk of creating some confusion, we
now re-define these ordinal functions as follows: Let X be a topological space and
let x ∈ X be given:
tpsf (X, x) = min{α : TWO has a winning strategy in G
α
1 (Ωx,Ωx)}
As we saw above, when X is an HFD, then tpsf (X, x) = ω
2. One might ask if in
general each countable ordinal can occur as the ordinal tpsf (X, x) at some point x
of some space X . First we treat the case of tpsf (X, x) = ω:
Theorem 15. Let (X, τ) be a separable T3-space, and let x be an element of X.
The following are equivalent:
(1) There is a countable neighborhood basis at x ( i.e., χ(X, x) = ℵ0).
(2) TWO has a winning strategy in the game Gω1 (Ωx,Ωx).
Proof: We prove (2)⇒ (1). Let σ be a strategy forTWO in the game Gω1 (Ωx,Ωx).
Claim 1: For each finite sequence (A1, · · · , An) of elements of Ωx there is an open
neighborhood U of x such that for each z ∈ U \ {x} there is a D ∈ Ωx for which
z = σ(A1, · · · , An, D).
For suppose the contrary, and let A1, · · · , An be a sequence of elements of Ωx wit-
nessing the failure of the Claim. Then for each neighborhood U of x choose a zU ∈
U \{x} such that for any element D of Ωx, we have z 6= σ(A1, · · · , An, D). But then
E = {zU : U a neighborhood of x} is an element of Ωx, and σ(A1, · · · , An, E) ∈ E,
contradicting the choice of elements of E.
With Claim 1 established we now proceed to define a countable set of neighbor-
hoods of x: To begin, choose by Claim 1 a neighborhood U∅ of x such that for each
z ∈ U∅ \ {x} there is an element Az ∈ Ωx such that z = σ(Az). Since (X, τ) is
separable, let (zn : n < ω) enumerate a countable dense subset of U∅, and for each
n let Bn ∈ Ωx denote Azn .
Next, using Claim 1, choose for each n a neighborhood Un of x such that for
each z ∈ Un \ {x} there is an Az ∈ Ωx for which z = σ(Bn, Az). Then as (X, τ)
is separable, choose a countable dense subset (zn,m : m < ω) of Un \ {x}, and for
each (n,m) let Bn,m denote Azn,m . In general, assume that for each finite sequence
ν of length at most k of elements of ω we have chosen zν⌢n, Bν⌢n ∈ Ωx, and
neighborhood Uν of x such that
A We have {zν⌢n : n < ω} a dense subset of Uν \ {x};
B For each n, xν⌢n = σ(Bν(0), Bν(0),ν(1), · · · , Bν , Bν⌢n).
For each such ν and n use Claim 1 to select an open neighborhood Uν⌢n of x such
that for each z ∈ Uν⌢n \ {x} there is an Az such that z = σ(Bν(0), · · · , Bν⌢n, Az).
Then as (X, τ) is separable, choose a countable dense subset {zν⌢n⌢m : m < ω}
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of Uν⌢n \ {x}, and for each m let Bν⌢n⌢m denote Azν⌢n⌢m . Thus by recursion
there is for each finite sequence ν of elements of ω points xν , neighborhoods Uν of
x, and elements Bν of ωx satisfying A and B above.
Claim 2: If σ is a winning strategy for TWO in Gω1 (Ωx,Ωx), then {Uν : ν ∈
<ωω}
is a neighborhood basis of x.
For suppose not: Then as (X, τ) is a T3-space there is an open neighbor-
hood V of x such that for each ν ∈ <ωω, we have Uν \ V is nonempty. Then
choose n1, n2, · · · , nk, · · · so that zn1 ∈ U∅ \ V , zn1,n2 ∈ Un1 \ V , and in general
zn1,··· ,nk+1 ∈ Un1,··· ,nk \ V . But then
Bn1 , σ(Bn1), · · · , Bn1, ··· , nk , σ(Bn1 , · · · , Bn1,··· ,nk), · · ·
is a play won by ONE since none of TWO’s responses is in the neighborhood V of
x. This contradicts the hypothesis that σ is a winning strategy for TWO. 
Since first countability is preserved in any generic extension, it follows that for
T3 separable spaces the fact that TWO has a winning strategy in G
ω
1 (Ωx,Ωx) is
likewise preserved.
It is not clear what the values of tpsf (X, x) could be in the case of compact
hereditarily separable spaces. MA + ¬CH implies that each compact hereditarily
separable space is first countable, whence we have:
Proposition 16. MA +¬CH implies that in every compact hereditarily separable
space, TWO has a winning strategy in Gω1 (Ωx,Ωx) at each x ∈ X.
On the other hand, V.V. Fedorchuk proved that ♦ implies the existence of a
compact hereditarily separable T2-space X which has no convergent sequences. By
Theorem 15 tpsf (X, x) > ω for each x ∈ X . We discuss this space further in
Example 6 below.
Our next result shows that there are strong limitations on which infinite ordinals
can occur as a tpsf (X, x). Recall that an ordinal α is additively indecomposable if
β + γ < α whenever β, γ < α.
Proposition 17. Let X be a topological space and let x be an element of X. If the
ordinal tpsf (X, x) is infinite, then it is additively indecomposable.
Proof. Let X be a space and let x ∈ X be a point for which α = tpsf (X, x) is
infinite. We may assume that α > ω. If β and γ are ordinals less than α, then
β + γ < α. To see this, consider a strategy F of TWO in the game Gβ+γ1 (Ωx,Ωx)
on X . Since F is also a strategy for TWO in the game Gβ1 (Ωx,Ωx), and since β < α
there is a play, fixed from now on, of the form
A0, F (A0), · · · , Aδ, F (Aν : ν ≤ δ), · · · δ < β
of Gβ1 (Ωx,Ωx) on X lost by TWO. Since this play is lost by TWO, choose a neigh-
borhood U0 of x such that U0 is disjoint from the set of all points chosen so far by
TWO, using strategy F .
Next we define a strategy G for TWO in the game Gγ1 (Ωx,Ωx) by setting for
each µ < γ:
G(Bν : ν < µ) := F ((Aρ : ρ < β) ⌢ (Bν : ν < µ)).
Since γ is less than α, G is not a winning strategy for TWO, and thus we find a
G-play
B0, G(B0), · · · , Bµ, G(Bν : ν ≤ µ), · · · µ < γ
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lost by player TWO. Since this play is lost by TWO choose a neighborhood U1 of x
such that none of the points in moves by TWO in this play meets the set V1. But
then we have found an F -play of Gβ+γ1 (Ωx,Ωx) lost by TWO since no element of
the set selected by TWO meets the neighborhood U0 ∩ U1 of x. 
4. Homogeneous compacta.
In Theorem 2.8 of [16] it is proved that in the generic extension, obtained by
forcing with ℵ2 Cohen reals, every homogeneous compact T5 space is countably
tight and of character at most ℵ1. We now show:
Theorem 18. In the generic extension obtained by forcing with C(ℵ2), for each
homogeneous compact T5-space X, ONE has no winning strategy in G
ω
1 (Ωx,Ωx) at
each x ∈ X.
Proof. Let X be a homogeneous compact T5-space in the generic extension,
let x ∈ X be given, and let F be a strategy of ONE in the game Gω1 (Ωx,Ωx) on X .
All these items are members of the generic extension. Since X is countably tight
in this generic extension, we may assume that F calls on ONE to play countable
elements of Ωx.
Thus we define the following: O∅ = F (∅) is ONE’s first move. Enumerate it
bijectively as (tn : n < ω). Then for each n define On = F (tn), and enumerate
it bijectively as (tn,m : m < ω). For n1 and n2 define On1,n2 = F (tn1 , tn1,n2),
and so on. In this we we obtain in the generic extension families (Oσ : σ ∈ <ωω)
of countable elements of Ωx. Also for each σ ∈ <ωω the set {tσ⌢n : n < ω}
is an enumeration of the elements of Oσ. The C(ℵ2) names for x, F , and the
individual Oσ and tσ, as well as finite sequences of these, are indeed C(α)-names
for an α < ω2(= ℵ2), and thus are present in an initial segment of the generic
extension.
In this initial segment of the generic extension define for each neighborhood U
of x the set
SU = {f ∈
ωω : (∀n)(tf⌈n 6∈ U)}.
Each of the sets SU is a nowhere dense subset of
ωω defined in terms of parameters
of the initial segment of the generic extension. Thus, subsequently added Cohen
reals are not elements of any SU . Let c be such a Cohen real. Then the play
F (∅), t(c(0), F (t(c(0))), t(c(0), c(1)), F (t(c(0)), t(c(0), c(1)), · · ·
is lost by ONE. 
Thus, in the Cohen model all homogeneous T5 compacta have countable strong
fan tightness and are indestructibly countably tight. More can be deduced from
a various axioms: A. Dow proved in [10], Theorem 6.3, that PFA implies that a
compact space of countable tightness has an element with a countable neighborhood
base. Thus
Proposition 19. PFA implies that for each homogeneous compact T2-space, TWO
has a winning strategy in Gω1 (Ωx,Ωx) at each x ∈ X.
Corollary 4.17 of [8] states that 2ℵ0 < 2ℵ1 implies that a compact homogeneous
space has countable tightness if, and only if, it is first countable. Thus,
Proposition 20. 2ℵ0 < 2ℵ1 implies: A homogeneous compact space has countable
tightness if, and only if, TWO has a winning strategy in Gω1 (Ωx,Ωx) at each x ∈ X.
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And by Theorem 4.18 of [8],
Proposition 21. It is consistent, relative to the consistency of ZFC, that at each
point x of a homogeneous compact T5-space TWO has a winning strategy in the
game Gω1 (Ωx,Ωx).
5. Generic left-separated spaces.
Let ν be an ordinal. In Section 2 of [17] it is proved that in the generic extension
VPν by a special complete suborder Pν of the Cohen partially ordered set Fn(ν×ν, 2),
there is a topology τ on ν such that the space Xν = (ν, τ) has the following
properties:
(a) Xν is hereditarily Lindelo¨f (Lemma 2.1);
(b) Xν has countable tightness (Lemma 2.2);
(c) The density of Xν is cof(ν) (Lemma 2.3);
(d) Xν is left-separated in the natural well-ordering of ν.
We will now argue that if ν is an uncountable regular cardinal, then Xν is (1) an
L-space which is hereditarily a Rothberger space (and thus indestructibly Lindelo¨f
and a D-space), and (2) ONE has no winning strategy in the game Gω1 (Ωx,Ωx) at
each x ∈ Xν , so that Xν in indestructibly countably tight and has countable strong
fan tightness.
The fact that Xν is an L-space when ν is a regular uncountable cardinal was
noted in [17]. Regarding the rest of the claimed properties of Xν :
The first point is that if κ (previously ν) is a regular uncountable cardinal then
the partial order Pκ densely embed into Fn(κ, 2), so that the generic extension is
the same as the generic extension by C(κ). Thus Xκ is obtained by adding κ Cohen
reals. To see this we review the definition of Pκ. An element p of Fn(κ× κ, 2) is an
element of Pκ if, and only if, it has the following two properties:
(1) If (α, α) is in the domain of p, then p(α, α) = 1;
(2) If (α, β) is in the domain of p and p(α, β) = 1, then α ≤ β.
Now let S be the subset of κ × κ consisting of the pairs (α, β) with α < β. Then
the mapping
F : Pκ −→ Fn(S, 2)
defined by F (p) = p⌈S , the restriction of p to S, is a dense embedding (See [18],
Definition VII.7.7). Thus, as |S| = κ, the generic extension by Pκ is the same as
the generic extension by C(κ).
The second point is that since κ is regular and uncountable, andXκ has countable
tightness, An argument as in the proof of Theorem 18 shows that in the generic
extension ONE has no winning strategy in Gω1 (Ωx,Ωx) at each x in Xκ. Then
Theorem 1 implies that Xκ is indestructibly countably tight. Also apply Theorem
11 of [25] to conclude that Xκ is Rothberger, and Corollary 10 of [25] to conclude
that Xκ is indestructibly Lindelo¨f. By results of Aurichi [2] the fact that Xκ is
Rothberger implies that Xκ is a D-space.
6. Countable tightness in Cp(X)
The selection principle Sfin(A,B) is defined as: For each sequence (An : n ∈ N)
of elements of A there is a corresponding sequence (Bn : n ∈ N) such that for
each n, Bn is a finite subset of An, and
⋃
{Bn : n ∈ N} is an element of B.
Arkhangel’skii introduced the notion of countable fan tightness. In the notation of
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selection principles, a space is said to be countably fan tight at x if the selection
principle Sfin(Ωx,Ωx) holds. The implications
S1(A,B)⇒ Sfin(A,B)⇒ each member of A has a countable subset that is in B
always hold. It follows that countable strong fan tightness implies countable fan
tightness which in turn implies countable tightness. These three properties have
been extensively investigated in the function spaces Cp(X), where a nice duality
theory relating tightness properties of Cp(X) to covering properties of X emerged.
There are natural games corresponding to the selection principles S1(A,B) and
Sfin(A,B). We have already encountered the games Gα1 (A,B) of ordinal length α
earlier in this paper. The game Gαfin(A,B) proceeds as follows: Players ONE and
TWO play an inning per ordinal β < α. In an inning β ONE first selects an element
Oβ from A. Then TWO responds by selecting a finite set Tβ ⊆ Oβ . A play
O0, T0, · · · , Oβ , Tβ, · · · β < α
is won by TWO if
⋃
{Tβ : β < α} is an element of B; otherwise, ONE wins.
The games Gω1 (ΩxΩx) related to countable strong fan tightness, and G
ω
fin(Ωx,Ωx)
related to countable fan tightness were introduced in [21], where they were investi-
gated in the context of Cp(X). To describe this background material we introduce
the following:
Letting O denote the family of open covers of a topological space X , the space
is said to have the Menger property if Sfin(O,O) holds; it is said to have the Roth-
berger property if S1(O,O) holds. W. Hurewicz proved in 1925 that a topological
space X has the Menger property if, and only if, ONE does not have a winning
strategy in the game Gωfin(O,O), and Pawlikowski proved in 1993 that a topological
space has the Rothberger property if, and only if, ONE has no winning strategy in
the game Gω1 (O,O). According to Gerlits and Nagy an open cover U of a space X
is an ω-cover if X is not a member of U , but for each finite subset F of X there is
a U ∈ U such that F ⊆ U . We let Ω denote the collection of open ω-covers of X .
The following results are known in connection with player ONE:
Theorem 22. Let X be a T3.5-space.
A ([21], Theorem 11) The following statements are equivalent:
(1) Cp(X) has countable fan tightness.
(2) ONE has no winning strategy in the game Gωfin(Ω0,Ω0) on Cp(X).
(3) ONE has no winning strategy in the game Gωfin(Ω,Ω) on X.
(4) X has the property Sfin(Ω,Ω).
B ([21], Theorem 13) The following statements are equivalent:
(1) Cp(X) has countable strong fan tightness.
(2) ONE has no winning strategy in the game Gω1 (Ω0,Ω0) on Cp(X).
(3) ONE has no winning strategy in the game Gω1 (Ω,Ω) on X.
(4) X has the property S1(Ω,Ω).
Interest in the existence of winning strategies of player TWO has been growing
-see for example [6] - since the works [4] and [5] of Barman and Dow on the topic.
In [5] Theorem 3.6 Barman and Dow show that if the T3.5 space X is σ-compact,
then TWO has a winning strategy in Gωfin(Ω0,Ω0) on Cp(X). In Theorem 2 of
[6] Bella proves for Tychonoff spaces X that if TWO has a winning strategy in
the game Gωfin(Ω0,Ω0) on Cp(X), then TWO has a winning strategy in the game
Gωfin(Ω,Ω) on X . In Corollary 2 of [6] Bella points out that if the T3.5 space X
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has the property that each closed set is a Gδ-set, then the converse also holds. We
shall now show that the hypothesis that each closed subset of X is a Gδ-set is not
needed, and we shall also extend these results to larger countable ordinals.
Corresponding work for games of the form Gα1 (A,B) was done in [22]. Along the
lines of that work we define for a topological space X :
tpω−fin(X) := min{α : TWO has a winning strategy in the game G
α
fin(Ω,Ω) on X}
First we derive the analogue of Theorem 4 (1) of [22] . Recall that an ordinal
number α > 0 is additively indecomposable if for all ordinals β, γ < α we have
β + γ < α.
Proposition 23. Let X be a topological space. If the ordinal tpω−fin(X) is infinite,
then it is additively indecomposable.
Proof. Let X be a space for which α = tpω−fin(X) is infinite. We may assume that
α > ω. Let β and γ be ordinals less than α. We show that β+ γ < α. To this end,
consider a strategy F of TWO in the game Gβ+γfin (Ω,Ω) on X . Note that F is also
a strategy for TWO in the game Gβfin(Ω,Ω), and that since β < α there is a play,
fixed from now on, of the form
U0, F (U0), · · · , Uδ, F (Uν : ν ≤ δ), · · · δ < β
of Gβfin(Ω,Ω) on X lost by TWO. Since this play is lost by TWO, choose a finite
set F0 ⊂ X such that F0 is not a subset of any of the sets in TWO’s responses in
this game.
Next we define a strategy G for TWO in the game Gγfin(Ω,Ω) by setting for each
µ < γ:
G(Vν : ν < µ) := F ((Uρ : ρ < β) ⌢ (Vν : ν < µ)).
Since γ is less than α, G is not a winning strategy for TWO, and thus we find a
G-play
V0, G(V0), · · · ,Vµ, G(Vν : ν ≤ µ), · · · µ < γ
lost by player TWO. Since this play is lost by TWO choose a finite set F1 ⊂ X
such that none of the sets in moves by TWO in this play contains the set F1. But
then we have found an F -play of Gβ+γfin (Ω,Ω) lost by TWO since no element of the
set selected by TWO contains the finite subset F0 ∪ F1 of X . 
Define for a space X and a point x ∈ X the ordinal functions
tpfin−ft(X, x) = min{α : TWO has a winning strategy in the game G
α
fin(Ωx,Ωx)}
and
tpfin−ft(X) = sup{tpfin−ft(X, x) : x ∈ X)}.
Using a similar argument as in the proof of Proposition 17 we find:
Proposition 24. Let X be a topological space and let x be an element of X. If the
ordinal tpfin−ft(X, x) is infinite, then it is additively indecomposable.
Next we derive an analogue of Theorem 4 (2) of [22]
Proposition 25. Let X be a topological space such that tpfin−ω(X) = α ≥ ω. Then
TWO has a winning strategy G in Gαfin(Ω,Ω) which has the following property:
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For every sequence (Uγ : γ < α) of ω-covers of X, and for
each γ < α the set
⋃
{G(Uν : ν ≤ ρ) : γ < ρ < α} is an
ω-cover of X.
Proof. Use the same argument as in the proof of Theorem 4 (2) of [22]. 
Theorem 26. Let X be a T3.5 space and let α be an ordinal. Then the following
are equivalent:
(1) TWO has a winning strategy in the game Gαfin(Ω0,Ω0) on Cp(X).
(2) TWO has a winning strategy in the game Gαfin(Ω,Ω) on X.
Proof. (1) implies (2): Let α be a countable ordinal and assume that Φ is a winning
strategy of TWO in the game Gαfin(Ω0,Ω0). Let ≺p be a well-ordering of Cp(X),
and let ≺2 be a well-ordering of τ , the topology of X . We define a strategy F for
TWO in the game Gαfin(Ω,Ω) on X . The diagram below may be useful in following
how the strategy F is defined from the strategy Φ:
Gαfin(Ω,Ω)
ONE TWO (F )
U0
V0 = F (U0)
U1
V1 = F (U0,U1)
...
...
Gαfin(Ω0,Ω0)
ONE TWO (Φ)
A0 B0 = Φ(A0)
A1 B1 = Φ(A0, A1)
...
...
Let U0 be ONE’s first move in G
α
fin(Ω,Ω). For a finite set F ⊂ X and an open
set U ⊂ X with F ⊂ U , let χ(F,U) be the ≺2-first element f of Cp(X) such that
f⌈F≡ 0 and f⌈X\U≡ 1 (which exists as X is completely regular). Define ONE’s
move in Gαfin(Ω0,Ω0) to be A0 = {χ(F,U) : U ∈ U0 and F ⊂ U finite}. Note that
indeed A0 is an element of Ω0. From TWO’s response Φ(A0) we define F (U0) as
follows: Suppose that Φ(A0) is the finite set {χ(F1, U1), · · · , χ(Fn, Un)}. Define
V0 = F (U0) to be {U1, · · · , Un}.
Suppose that in inning β < α ONE moves Uβ in the game Gαfin(Ω,Ω). As above,
compute Aβ = {χ(F,U) : U ∈ Uβ and F ⊂ U finite}. Apply TWO’s strategy Φ and
compute Bβ = Φ(Aγ : γ ≤ β), a finite subset of Aβ , and define the corresponding
finite set Vβ = F (Uγ : γ ≤ β) as follows: With Bβ = {χ(F1, U1), · · · , χ(Fn, Un)},
set Vβ equal to {U1, · · · , Un}.
This defines TWO’s strategy F in the game Gαfin(Ω,Ω). To see that F is a
winning strategy for TWO, consider an F -play
U0, F (U0), · · · , Uβ , F (Uγ : γ ≤ β), · · · , β < α.
Also, consider a fixed finite subset F of X . We must show that some element of⋃
β<α Vβ contains the set F .
Consulting the definition of F above we see that this play corresponds to a Φ-play
A0, Φ(A0), · · · , Aβ , Φ(Aγ : γ ≤ β), · · · , β < α
of Gαfin(Ω0,Ω0) where for each β < α:
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(1) Aβ = {χ(F,U) : U ∈ Uβ and F ⊂ U finite} and
(2) With F (Aγ : γ ≤ β) = {χ(F1, U1), · · · , χ(Fn, Un)}, F (Uγ : γ ≤ β) =
{U1, · · · , Un}.
Since Φ is a winning strategy for TWO, for each ǫ > 0 the neighborhood [F, ǫ] =
{f ∈ Cp(X) : (∀x ∈ F )(|f(x)| < ǫ)} has a nonempty intersection with {Φ(Aγ : γ ≤
β}) : β < α}. Fix ǫ < 1 and choose a β < α such that
[F, ǫ]
⋂
Φ(Aγ : γ ≤ β}) 6= ∅,
and choose an element χ(F1, U1) of this set. Note that U1 is an element of Vβ.
We claim that F ⊆ U1. For suppose not, and choose x ∈ F \ U1. Then we have
χ(F1, U1)(x) = 1, while also |χ(F1, U1)(x)| < ǫ < 1, a contradiction.
This completes the proof that F is a winning strategy for TWO.
(2) implies (1): Let F be a given winning strategy of TWO in the game Gαfin(Ω,Ω).
By Proposition 23, α is additively indecomposable, and thus is a limit ordinal. As
α is countable we can choose ordinals γ0 < γ1 < · · · < γn < · · · < α, n < ω, that
converge to α. For each n < ω, put ǫn =
1
2n+1 . We may further assume that F has
the property stated in Proposition 25.
Since α is a countable ordinal X has the property Sfin(Ω,Ω), whence by a
theorem of Arkhangel’skii [1], Cp(X) has countable tightness. Thus we may assume
that each move made by ONE in the game Gαfin(Ω,Ω) is a countable subset of
Cp(X). We may also assume by Lemma 10 of [21] that if A is a move by ONE,
then each f ∈ A is pointwise nonnegative, and for 0 < ǫ < 1, {{x ∈ X : f(x) < ǫ} :
f ∈ A} is an ω-cover of X .
We define a strategy Φ for TWO in the game Gαfin(Ω0,Ω0) on X . The diagram
below may be useful in following how the strategy Φ is defined from the strategy
F :
Gωfin(Ω0,Ω0)
ONE TWO (Φ)
A0
B0 = F (A0)
A1
B1 = F (A0, A1)
...
...
Gωfin(Ω,Ω)
ONE TWO (F )
U0 V0 = F (U0)
U1 V1 = F (U0,U1)
...
...
Let A0 be ONE’s first move in G
ω
fin(Ω0,Ω0), and enumerate A0 bijectively as
(fn : n < ω). For each n, define
Un = {x ∈ X : fn(x) < ǫ0}.
Now U0 = {Un : n < ω} is an element of Ω, and thus a legitimate move of ONE in
the game Gαfin(Ω,Ω). Apply TWO’s winning strategy F to find F (U0) = {Un : n ∈
S0} where S0 is a finite subset of ω, and define Φ(A0) = {fn : n ∈ S0}, which is a
legitimate move of TWO in Gαfin(Ω0,Ω0).
Consider an β < α. Supposing that Aβ is ONE’s move in inning β, enumerate
Aβ bijectively as (fm : m < ω). Then choose ψ(β) to be the least n < ω such that
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γn ≤ β < γn+1 and define for each m:
Um = {x ∈ X : fm(x) < ǫψ(β)}.
Define Uβ := {Um : m < ω}, Applying TWO’s winning strategy F in G
α
fin(Ω,Ω)
we find a finite subset Sβ of ω such that F (Uν : ν ≤ β) = {Um : m ∈ Sβ}. Finally
we define
Φ(Aν : ν ≤ β) = {fm : m ∈ Sβ}.
This defines a strategy Φ for TWO in the game Gαfin(Ω0,Ω0).
We now verify that Φ is a winning strategy for TWO. To this end consider a
Φ-play
A0, Φ(A0), · · · , Aβ ,Φ(Aν : ν ≤ β), · · · β < α.
We claim that this play is won by TWO.
Consider the associated F -play
U0, F (U0), · · · , Uβ , F (Uν : ν ≤ β), · · · β < α
where for each β we have
(a) Uβ = {{x ∈ X : fm(x) < ǫψ(β)} : m < ω} and U
β
m = {x ∈ X : fm(x) <
ǫψ(β)}
(b) Sβ ⊂ ω is a finite set such that F (Uν : ν ≤ β) = {Uβm : m ∈ Sβ}.
(c) Φ(Aν : ν ≤ β) = {fm : m ∈ Sβ}.
Since this is a winning play for TWO in the game Gαfin(Ω,Ω),
⋃
{F (Uν : ν ≤ β) :
β < α} is an ω-cover of X , and sinceTWO’s winning strategy has the property of
Proposition 25, for each γ < α the set
⋃
{F (Uν : ν ≤ β) : γ < β < α} is an ω-cover
of X .
Consider a basic neighborhood of 0, say {f ∈ Cp(X) : (∀x ∈ H)(|f(x)| < ǫ}
where H ⊂ X is some finite set and ǫ is some positive real number. Choose m
large enough that ǫm < ǫ. Since
⋃
{F (Uν : ν ≤ β) : m ≤ ψ(β) and β < α} is
an ω-cover of X , choose a β > γm and a U
β
k ∈ F (Uν : ν ≤ β) with H ⊆ U
β
k .
Now Uβk is of the form {x ∈ X : |fk(x) < ǫψ(β)}. But then as fk is a non-
negative function, for each x ∈ Uβk we also have fk(x) < ǫψ(β) < ǫ, and thus fk, a
member of TWO’s move in Gαfin(Ω0,Ω0), is a member of the given neighborhood
{f ∈ Cp(X) : (∀x ∈ H)(|f(x)| < ǫ} of 0.
It follows that TWO won the corresponding Φ-play of Gαfin(Ω0,Ω0). 
Theorem 26 has the following corollaries:
Corollary 27. If X is a T3.5 space, then
tpfin−ω(X) = tpfin−ft(Cp(X))
This in turn gives the following generalization of Bella’s result for T3.5-spaces in
which each closed set is a Gδ-set:
Corollary 28. If X is a T3.5-space, then TWO has a winning strategy in G
ω
fin(Ω,Ω)
on X if, and only if, TWO has a winning strategy in Gωfin(Ω0,Ω0) on Cp(X).
The corresponding theorem for the games Gα1 (Ω,Ω) and G
α
1 (Ω0,Ω0) is as follows:
Theorem 29. Let X be a T3.5 space and let α be an ordinal. Then the following
are equivalent:
(1) TWO has a winning strategy in the game Gα1 (Ω0,Ω0) on Cp(X).
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(2) TWO has a winning strategy in the game Gα1 (Ω,Ω) on X.
Proof. This equivalence was proven for X a set of real numbers in Theorem 9 of
[22]. The proof of (2) ⇒ (1) proceeds as in the proof of Theorem 9 (1) of [22]. For
the proof of (1)⇒ (2) we proceedmutatis mutandis as in proof of the corresponding
implication in Theorem 26. 
Theorem 29 generalizes the corresponding part of Theorem 9 of [22], where it
was proven if X is a separable metric space.
7. Selective versions of separability
For a topological space X we already introduced the notation D = {D ⊆ X :
D is dense in X} in Section 3. The selection principles S1(D,D) and Sfin(D,D)
were introduced in [23], and have been extensively studied since. For a topological
space each of these selection properties implies that each dense subset of the space
has a countable subset that is dense in the space. In particular this implies that
the space has only countably many isolated points. In this section we make the
assumption that the considered spaces are at least T3 and that each dense subset
has a countable subset still dense in the space.
It was shown in Proposition 19 of [23] that HFD’s satisfy S1(D,D). This prior
result follows from Theorem 13 on account of the following1:
Lemma 30. If X has countable (strong) fan tightness at each of its elements, and
if X is separable, then X has the properties Sfin(D,D) (respectively, S1(D,D)).
Proof. Let D be a fixed countable dense subset of X , enumerated bijectively
as (dn : n < ω). Let (Dn : n < ω) be a sequence of dense subsets of X . Write
ω =
⋃
m∈ω Sm where each Sm is infinite and for m < n, Sm ∩ Sn = ∅. Now for
each m we have xm ∈ Dn, n ∈ Sm. If X has countable strong fan tightness at
each of its elements, choose for n ∈ Sm an xn ∈ Dn such that x ∈ {xn : n ∈ Sm},
using countable strong fan tightness at each point. But then {xn : n ∈ ω} is dense,
witnessing S1(D,D). The argument for countable fan tightness is similar. 
Corollary 31. If X is a separable space which is countably tight at each element
and if κ is an uncountable cardinal, then
1C(κ) ‖− “Xˇ satisfies S1(D,D)”.
Proof. Use Theorem 13, Lemma 30, and the fact that separability is preserved by
any forcing. 
Corollary 32. If X is a hereditarily separable space and κ is an uncountable car-
dinal, then
1C(κ) ‖− “Xˇ satisfies S1(D,D)”.
Proof. By Lemma 8 a hereditarily separable space has countable tightness at each
of its elements. Use Corollary 31. 
By the technique used in the proof of Theorem 5 each of these corollaries can be
strengthened to:
1This result is well-known. A proof is included for the reader’s convenience.
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Proposition 33. If X is a separable space which is countably tight at each element
and if κ is an uncountable cardinal, then
1C(κ) ‖− “ONE has no winning strategy in G
ω
1 (D,D) on Xˇ.”
In Theorem 13 of [23] we established duality results for player ONE of Gω1 (D,D)
and player ONE of Gω1 (Ω,Ω), and in Theorem 35 of [23] we established the corre-
sponding results for player ONE of Gωfin(D,D) and of G
ω
fin(Ω,Ω). For player TWO
results are as follows: Extending Section 3 of [22] we introduce the following ordinal
function for a topological space X2:
tpd(X) = min{α : TWO has a winning strategy in the game G
α
1 (D,D)}.
Note that tpd(X) is well-defined since it is no larger than π(X), the π-weight of X .
Now also define
tpd−fin(X) = min{α : TWO has a winning strategy in the game G
α
fin(D,D)}.
It is evident that for a space X we have tpd−fin(X) ≤ tpd(X). In Lemma 10 of
[23] it was observed that if X is a separable metric space, then each dense subset
of Cp(X) has a countable subset that is still dense in Cp(X). In Theorem 9 of [22]
it was shown that
Theorem 34. If X is a separable metric space, then: If any of the ordinals tpω(X),
tpsf (Cp(X)) and tpd(Cp(X)) is countable, so are the others, and
tpω(X) = tpsf (Cp(X)) = tpd(Cp(X)).
It follows from Theorem 4 of [22] that for an infinite separable metric space X ,
tpd(Cp(X)) is an additively indecomposable ordinal. It also follows for separable
metric spaces X that if any of these three ordinals is ω1, then so are the others.
We now proceed to establish corresponding facts for the game Gαfin(D,D).
Theorem 35. Let X be an infinite separable metric space and let α be an ordinal.
The following are equivalent:
(1) TWO has a winning strategy in Gαfin(D,D) on Cp(X).
(2) TWO has a winning strategy in Gαfin(Ω,Ω) on X.
Proof. The proof of (1)⇒(2) proceeds as in the proof of Theorem 9 (3) of [22], with
the necessary changes made for Gfin instead of G1, as we now outline. Assume
that Φ is a winning strategy for TWO in the game Gαfin(D,D) on Cp(X). Let
D = {dn : n < ω} be a countable dense subset of X , and for each n and each m
let Bn,m be the set {x ∈ X : d(x, dn) <
1
3m+1 }. Then B = {Bn,m : m, n < ω} is a
countable base for the topology of X . Let U be the family of sets that are a union
of finitely many distinct elements of B whose closures are disjoint. For each U ∈ U ,
say
U =
k⋃
i=1
Bni,mi ,
and each finite set {q1, · · · , qk} (the same k as in the definition of U) of rational
numbers in the interval (0, 1), let χU,q1,··· ,qk : X → [0, 1] be the continuous function
that is zero on X \ U , and takes value qi on Bni,mi+1.
2Caution: In Section 3 of [22] the symbol tpd(X) denotes the least ordinal α such that TWO
has a winning strategy in the game Gα1 (D,D) on Cp(X).
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Since for an ω-cover V of X the set {U ∈ U : (∃V ∈ V)(U ⊆ V )} is an ω-cover
of X , we may assume that all moves of ONE in the game Gαfin(Ω,Ω) are subsets of
U . Also observe that for an ω-cover V ⊆ U the corresponding set E(V) of functions
of the form χU,q1,··· ,qk with U ∈ V and q1, · · · , qk an appropriate set of rationals in
(0, 1) is a dense subset of Cp(X) (See the proof of the Claim in the proof of [22],
Theorem 9 part (3)).
Now we define a strategy F for TWO in the game Gαfin(Ω,Ω) on X . When ONE
plays an ω-cover U0 ⊆ U , TWO first computes the dense subset E(U0) of Cp(X) and
applying the winning strategy Φ computes the finite subset Φ(E(U0)) of Cp(X). If
this finite set is
{χ(U1, q
1
1 , · · · , q
1
k1
), · · · , χ(Um, q
m
1 , · · · , q
m
km
)}
then TWO responds with F (U0) = {U1, · · · , Um} in the game Gαfin(Ω,Ω).
Let 0 < β < α be given and suppose that in inning β ONE plays the ω-cover
Uβ ⊆ U . Then TWO first computes
Φ(E(Uν) : ν ≤ β) = {χ(U1, q
1
1 , · · · , q
1
k1
), · · · , χ(Um, q
m
1 , · · · , q
m
km
)},
say, and then TWO responds with F (Uν : ν ≤ β) = {U1, · · · , Um}.
We leave it to the reader to verify that F is a winning strategy for TWO in the
game Gαfin(Ω,Ω).
(2)⇒(1): We show that if TWO has a winning strategy in Gαfin(Ω0.Ω0), then TWO
has a winning strategy in Gαfin(D,D) in Cp(X), and thus as metrizable spaces are
T3.5, Theorem 26 implies the result. We may assume that α is minimal. The proof
now proceeds, mutatis mutandis, like the proof of part (4) of Theorem 9 of [22]. 
We now expand the argument of Lemma 30 to game lengths.
Theorem 36. Let X be a separable space. Let α be an infinite ordinal.
(1) If for a dense set of x ∈ X we have tpsf (X, x) = α, then tpd(X) ≤ α.
(2) If for a dense set of x ∈ X we have tpfin−ft(X, x) = α, then tpd−fin(X) ≤
α
Proof. We give the argument for part (1), leaving part (2) to the reader. Let D be
a countable dense subset of X , enumerated as (dn : n < ω). For each n, let σn be
a winning strategy for TWO in the game Gα1 (Ωxn ,Ωxn). Since α is minimal, it is
additively indecomposable.
Write α =
⋃
{Sn : n < ω} where for each n < m both Sn and Sm are of order
type α, but pairwise disjoint. List each Sn in order type α as Sn = (γ
n
β : β < α).
Define a strategy σ for TWO in the game Gα1 (D,D) as follows:
Assuming inning γ < α is in progress and ONE has moved (Dν : ν ≤ γ), identify
the n with γ ∈ Sn. Then consider the sequence (Dν : ν ≤ γ and ν ∈ Sn). We
define
σ(Dν : ν ≤ α) := σn(Dν : ν ≤ γ and ν ∈ Sn).
Then each α-length σ-play of Gα1 (D,D) is won by TWO, proving that tpd(X) ≤
α. 
We have the following two characterizations of certain spaces where TWO has a
winning strategy in the games of length ω:
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Theorem 37 ([23], Theorem 3). For a T3-space the following are equivalent:
(1) TWO has a winning strategy in Gω1 (D,D).
(2) π(X) = ℵ0.
Theorem 38 (Bella, [6] Corollary 3). Let X be a separable metric space. The
following are equivalent:
(1) TWO has a winning strategy in Gωfin(D,D) on Cp(X).
(2) X is σ-compact.
It is of interest to find a characterization of spaces X for which TWO has a
winning strategy in the game Gαfin(D,D) on X .
8. Remarks
A T. Usuba further investigated the notion of indestructible countable tightness,
and proved the following interesting theorem [29]:
Theorem 39 (Usuba). The following three theories are equiconsistent:
(1) ZFC + every indestructibly countably tight space of cardinality ℵ1 has character
at most ℵ1.
(2) ZFC + 2ℵ1 > ℵ2 and no countably tight space of cardinality ℵ1 has character
ℵ2.
(3) ZFC + there is a strongly inaccessible cardinal.
B The countable tightness of a sequential space or of a Freche´t-Urysohn space can
also be destroyed by countably closed forcing. For a point x of a space X we say
that the infinite subset B of X converges to x if each for open neighborhood U of
x the set B \ U is finite. We define Γx = {B ⊂ X \ {x} : B converges to x}. It is
clear that Γx is a subset of Ωx. A space is Freche´t-Urysohn at x if each element of
Ωx has a countable subset that is a member of Γx. A space is said to be strictly
Freche´t-Urysohn at x if it has the property S1(Ωx,Γx). When a space is Freche´t-
Urysohn at x it has countable tightness at x. When it is strictly Freche´t-Urysohn
at x then indeed it has countable strong fan tightness there. Also note that if
ONE has no winning strategy in Gω1 (Ωx,Γx), then ONE has no winning strategy
in Gω11 (Ωx,Ωx). Thus, the following classical theorem of Sharma [26] implies that
strictly Freche´t-Urysohn spaces are indestructibly countably tight:
Theorem 40 (Sharma [26], Theorem 1). Let X be a topological space and let x be
an element of X. The following are equivalent:
(1) X has property S1(Ωx,Γx).
(2) ONE has no winning strategy in the game Gω1 (Ωx,Γx).
Since for X a T3.5-space, Gerlits and Nagy [13] proved that Cp(X) is Frechet-
Urysohn at a point if, and only if, it is strictly Frechet-Urysohn there, it follows for
X a T3.5 space that if Cp(X) is Freche´t-Urysohn, then it is indestructibly countably
tight.
In a personal communication P.J. Szeptycki pointed out that countable tightness
of a Freche´t-Urysohn space can be destroyed by forcing with Fn(ω1, ω, ω1), the
countably closed partially ordered set for adding a Cohen subset of ω1. We discuss
this in Example 8 below.
24 MARION SCHEEPERS
9. Examples
Example 1: There are non-σ-compact T3.5 spaces X of arbitrary large cardinality
for which TWO has a winning strategy in the game Gω1 (Ω0,Ω0) on Cp(X).
In Theorem 8 of [24] we gave for each infinite cardinal κ an example of a T3.5
topological group X which is a P-space (each countable intersection of open sets is
an open set), and for which TWO has a winning strategy in the game Gω1 (O,O).
Being a P-space, X is not embeddable as a closed subspace of a σ-compact space.
By Theorem 1 of [13], if for a T3.5-space TWO has a winning strategy in G
ω
1 (O,O),
then TWO has a winning strategy in Gω1 (Ω,Γ), and thus in G
ω
1 (Ω,Ω). Then X is
not σ-compact, and yet by Theorem 26 TWO has a winning strategy in the game
Gω1 (Ω0,Ω0), and thus G
ω
fin(Ω0,Ω0), on Cp(X).
Example 2: There are σ-compact T3.5 spaces X of arbitrary large cardinality in
which TWO has a winning strategy in the game Gω1 (Ω0,Ω0) on Cp(X).
In Theorem 14 of [24] we gave for each infinite cardinal κ an example of a T3.5
topological group X of cardinality κ which is σ-compact, and for which TWO has
a winning strategy in the game Gω1 (Ω,Ω). By Theorem 26 TWO has a winning
strategy in the game Gω1 (Ω0,Ω0), and thus G
ω
fin(Ω0,Ω0), on Cp(X).
Example 3: Non σ-compact metric spaces X for which TWO has a winning
strategy in Gω
2
fin(Ω0,Ω0) in Cp(X).
In Theorem 10 of [22] CH is used to construct an uncountable set X of real
numbers such that TWO has a winning strategy in Gω
2
1 (Ω,Ω) on X . It follows that
X has strong measure zero and thus, as X is uncountable, it is not σ-compact. It
follows that TWO has a winning strategy in Gω
2
fin(Ω,Ω) on X , but not in G
ω
fin(Ω,Ω)
(by Theorem 35 and Theorem 38 as X is not σ-compact). But then by Theorem
26 TWO has a winning strategy in Gω
2
fin(Ω0,Ω0) on Cp(X), and by Proposition 23
ω2 is the minimal such ordinal for this example.
Example 4: A space X which is not indestructibly countably tight at an element
x, but TWO has a winning strategy in Gωfin(Ωx,Ωx).
It is well known that ω12 is destructibly Lindelo¨f. Since it is compact in all finite
powers, it is Lindelo¨f in all finite powers and so by the Arkhangel’skii-Pytkeev The-
orem, Cp(
ω12) has countable tightness. As ω12 is a compact T3.5 space, Theorem
26 implies that TWO has a winning strategy in the game Gωfin(Ω0,Ω0) on Cp(
ω12).
We shall now see that the countable tightness of this space is destructible by
countably closed forcing: We force with P = Fn(ω1, 2, ω1). In the ground model
define for each α < ω1 and i ∈ {0, 1} the open set Uαi = {f ∈
ω12 : f(α) = i}. Let
(ω12)G denote the ground model version of
ω12. If f is P-generic, then
U = {Uαf(α) : α < ω1}
is an open cover of (ω12)G, and has no countable subset that covers (
ω12)G. Let V
be the set of finite unions of elements of U . Then V is an open ω-cover of (ω12)G,
but it has no countable subset which covers (ω12)G. Now each V ∈ V is a ground
model open set and thus for each x ∈ (ω12)G\V there is a ground model continuous
function fU such that fU [U ] ⊆ {0} and fU (x) = 1. The set
{fU : U ∈ V}
(in the generic extension) is a subset of the ground model version of the set Cp(
ω12).
In the generic extension this uncountable set has the zero function in its closure,
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but no countable subset of it does since f is generic. Thus the ground model version
of the set Cp(
ω12), which had countable fan tightness in the ground model, is not
countably tight in the extension.
This example also illustrates that although TWO has a winning strategy in
Gωfin(Ω0,Ω0) on the space Cp(
ω12), ONE has a winning strategy in the game
Gω11 (Ω0,Ω0). Thus, the game G
α
fin(Ω0,Ω0) is not as closely related to indestruc-
tibility of countable tightness.
Example 5: There is a countable space X and point x ∈ X at which X has
countable strong fan tightness, but ONE has a winning strategy in Gωfin(Ωx,Ωx),
and thus in Gω1 (Ωx,Ωx). This example is described on pages 250 - 251 of [21].
Example 6: ZFC+♦: Consider Fedorcˇuk’s compact, hereditarily separable, Haus-
dorff space which has no nontrivial convergent sequences. This space is not first
countable, and thus by Theorem 15 TWO has no winning strategy in Gω1 (Ωx,Ωx)
at any x ∈ X . By Theorem 9 TWO has a winning strategy in Gω11 (Ωx,Ωx) at each
x ∈ X , and thus X is indestructibly countably tight. Moreover, as X has countable
π-weight by [12] Corollary 43H, TWO has a winning strategy in the game Gω1 (D,D)
by Theorem 37.
Example 7: A hereditarily separable T2 space for which there is no countable
ordinal α such that TWO has a winning strategy in the game Gα1 (Ωx,Ωx). Player
TWO does not have a winning strategy in the game Gα1 (Ω,Ω) on the real line R
for any countable ordinal α. The space Cp(R) is hereditarily separable (see for
example Theorem 1 of [19]), and thus TWO has a winning strategy in the game
Gω11 (Ω0,Ω0) by Theorem 9. But by Theorem 34 there is no countable ordinal α
for which TWO has a winning strategy in the game Gα1 (Ω0,Ω0). Note also that
this example illustrates that a hereditarily separable space need not have countable
strong fan tightness.
Example 8: A Freche´t-Urysohn space whose countable tightness is not indestruc-
tible. The underlying set of this space is X = {∞}
⋃
{(α, n) : α < ω1 and n < ω}.
For a function f : ω1 → ω define
Uf = {∞}
⋃
{(α, n) : n > f(α), α < ω1, n < ω}.
Then the topology of X is defined so that each element of ω1 × ω is isolated, while
neighborhoods of ∞ are sets of the form Uf where f : ω1 → ω is a function.
Consider a subset A of X for which ∞ ∈ A. Then for each f : ω1 → ω we have
A ∩ Uf is infinite. We claim that there is an α for which Sα := {n : (α, n) ∈ A} is
infinite. For otherwise, define g so that gA(α) = 1+max{n : (α, n) ∈ A}. Then UgA
is a neighborhood of∞ which is disjoint from A, a contradiction. But then Sα ⊂ A
is a sequence in X converging to ∞. It follows that X has the Freche´t-Urysohn
property at ∞, and thus is countably tight at ∞.
We claim that ONE has a winning strategy in Gω11 (Ω∞,Ωinfty). For α < ω1
define Oα = {(β, n) : α < β < ω1 and n < ω}. Then for each α we have Oα ∈ Ω∞.
ONE’s strategy is to originally play O0. When TWO responds by choosing (α1, n1),
ONE’s response is Oα1+1, and so on. Observe that in any play where ONE follows
this strategy, the moves made by TWO is a subset of some member g of the set of
functions from ω1 to ω, and as such the set chosen by TWO during this play is not
a member of Ω∞. Thus, as ONE has a winning strategy in G
ω1
1 (Ω∞, Ω∞), whence
by Theorem 1 X∞ is not indestructibly countably tight at ∞.
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